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Figure 1: Our method can enhance the stability of fluids under both compression and tension states, and enable efficient and realistic
simulation of complex incompressible fluid dynamics. Left: A tire rolling through a water puddle. Middle: Fluids striking a metal rose. Right:
A plane crashing into a fluid.

Abstract
Smoothed Particle Hydrodynamics (SPH) is a classical and popular method for fluid simulation, yet it is inherently susceptible
to instabilities under tension or compression, which leads to significant visual artifacts. To overcome the limitation, an adap-
tive particle fission-fusion approach is proposed within the Dual-particle SPH framework. Specifically, in tension-dominant
regions (e.g., fluid splashing), the velocity and pressure calculation points are decoupled to enhance tension stability, while
in compression-dominant regions (e.g., fluid interiors), the velocity and pressure points are colocated to preserve compression
stability. This adaptive configuration, together with modifications to the Dual-particle projection solver, allows for a unified
treatment of fluid behavior across different stress regimes. Additionally, due to the reduced number of virtual particles and an
optimized solver initialization, the proposed method achieves significant performance improvements compared to the original
Dual-particle SPH method.

CCS Concepts
• Animation → Fluid Modeling; Physically Based Animation; • Modeling → Physically Based Modeling;

1. Introduction

Physics-based fluid simulation is a classic and significant research
area in Computer Graphics (CG). Among the various methodolo-
gies of fluid simulations, the Smoothed Particle Hydrodynamic
(SPH) method is an intuitive and widely used approach. SPH uti-
lizes particles to depict the fluid and applies kernel function to
discretize the fluid governing equations, offering numerous ad-
vantages such as meshless, simplicity, efficiency, low-dissipation,
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and mass-conservation [KBST22, KBST19, HJL∗25]. However,
compared to Eulerian grid methods, SPH is known to face spe-
cific numerical instability problems. Specifically, SPH fluids in-
herently exhibit instability in certain stress ranges. When the fluid
stress falls into the regions of instability, the particles may tend
to clump together, resulting in significant errors and visual arti-
facts [SHA95, GK16, VADL∗21].

The SPH fluid method is generally susceptible to instabilities
in regions experiencing tension or compression states. In conven-
tional SPH methods, negative pressure is usually induced by fluid

© 2025 The Author(s).
Proceedings published by Eurographics - The European Association for Computer Graphics.
This is an open access article under the terms of the Creative Commons Attribution License, which
permits use, distribution and reproduction in any medium, provided the original work is properly
cited.

DOI: 10.2312/pg.20251269 https://diglib.eg.orghttps://www.eg.org

https://orcid.org/0000-0002-7416-5110
https://orcid.org/0009-0000-4578-9701
https://orcid.org/0000-0002-0002-2328
https://orcid.org/0000-0002-8870-2482
https://doi.org/10.2312/pg.20251269


2 of 13 Liu et al. / An Adaptive Particle Fission-Fusion Approach for Dual-Particle SPH Fluid

tension state [SHA95], which consequently triggers tension insta-
bility. To mitigate this issue, most of existing SPH methods adopt
a negative pressure truncation strategy to avoid the tension in-
stability [BK16, ICS∗13]. However, the lack of negative pressure
hinders these methods from correctly modeling stretching behav-
iors of fluids, such as splashes and thin sheets. Accordingly, the
Dual-particle SPH method [LHG∗24] was proposed recently. This
method employs additional virtual particles arranged on an Eule-
rian grid for pressure computation while retaining negative pres-
sures. As demonstrated by Liu et al. [LHG∗24], separating virtual
particles from real particles effectively weaken tension instabil-
ity, thereby enabling the realistic capture of small-scaled features
of fluids. Nonetheless, the Dual-particle SPH method may exhibit
numerical instabilities under positive pressure, leading to deteri-
orated particle distribution within the fluid and potentially cause
non-physical volume loss under compression. (as shown in Fig. 12,
13 and 14). Besides, the excessive number of virtual particles in the
Dual-particle SPH method [LHG∗24] also lead to a notable deteri-
oration in performance.

In this paper, we present a simple and promising strategy to sup-
press the instability in tension and compression for SPH fluids,
which is achieved through adaptive particle fission and fusion. In
the tension region with negative pressure, we split the SPH parti-
cle into separate pressure and velocity points (i.e., particle fission),
mitigating the instability under negative pressure. Conversely, in
the compression region with positive pressure, we merge the pres-
sure points with velocity points (named particle fusion) to suppress
the instability in terms of positive pressure. Ultimately, adaptive
particle fission and fusion enable fluids to maintain stress stability
throughout most of the fluid domain.

The standard SPH method, which calculates pressure and ve-
locity on the same particles, cannot support our particle fis-
sion proposal. Therefore, we opt for the Dual-particle SPH
method [LHG∗24] as the framework for our particle fission-fusion
strategy, which includes virtual particles for pressure calculation
and real particles with velocity attributes. Unlike the original Dual-
particle SPH method, where grid-based virtual particles cover the
entire fluid, we only separate virtual particles from real particles at
locations where the fluid is under tension. To better accommodate
the uneven distribution of virtual particles and discontinuous transi-
tions between fusion and fission modes, we further enhance the pro-
jection solver of the original Dual-particle SPH method [LHG∗24].
Additionally, we propose a warm start scheme for the Dual-particle
projection solver to reduce the iterations required for pressure solv-
ing. The experiments show that our method not only achieves high-
quality small-scale fluid details comparable to those of the original
Dual-particle SPH method [LHG∗24], but also matches the stan-
dard SPH projection method in terms of compression stability. Ad-
ditionally, due to significantly fewer virtual particles and the warm
start scheme for projection, our approach achieves significantly bet-
ter computational efficiency compared to the original Dual-particle
SPH method [LHG∗24].

We summarize our main contributions as:

• proposing an adaptive particle fission-fusion strategy within the
Dual-particle SPH framework that effectively addresses both
tension and compression instability.

• adapting the projection-solving scheme based on the Dual-
particle SPH framework to stably couple with the particle
fission-fusion scheme.

• presenting a warm start scheme to improve the performance of
the Dual-particle SPH framework.

2. Related Works

The modeling of incompressibility is one of the most classical and
fundamental problems in SPH fluid, and numerous studies have
been conducted in the CG community over the past three decades.
Regarding strategies to address instability caused by specific stress
states in SPH, we categorize three categories and discuss each cat-
egory separately.

Unidirectional Incompressiblity Method. The unidirectional
method refers to incompressibility solvers that need to avoid neg-
ative pressures. Early SPH incompressibility methods focused
on preventing volume loss in fluids, which calculated pressure
by employing different forms of state of equations (EOS) to
eliminate density errors. Among these schemes, the explicit ap-
proaches is easier to implement [MCG03a, BT07], while the im-
plicit approaches can prevent density errors in fluids at larger
time steps [HLL∗12, BLS11, ICS∗13, MM13, HLG∗25]. To en-
hance the accuracy and stability of fluid simulation further, the
methods that remove velocity-divergence-errors in fluids are in-
troduced [BK16, TDNL18]. When fluid is in tension state, pos-
itive velocity-divergence errors can cause negative pressures to
arise. To address issues related to negative pressures, several strate-
gies have been proposed: clamping negative-pressures [BK16] or
treating non-negative pressure (p > 0) as the constraint in Lin-
ear Complementarity Problem (LCP) [ICS∗13, TDNL18]. The ab-
sence of negative pressure can suppress the tension instability, but
it also means these methods are difficult to accurately and sta-
bly simulate stretching forms of fluids, such as splashes and other
small-scale thin-featured details. In the research fields of mechanics
and engineering, explicitly imposing a positive background pres-
sure is a popular scheme to avoid negative pressure and tension
instability [Mon00, LHA15a, ZHA17]. However, the background
pressure can result in excessive numerical dissipation in SPH flu-
ids [VADL∗21], and choosing the value of the artificial pressure
also poses a considerable difficulty [CPP∗20].

Bidirectional Incompressiblity Method. The bidirectional
method refers to incompressibility solvers that retain negative pres-
sures. The tension instability issue in the negative pressure re-
gion may cause particle clumps and voids. Therefore, such fluid-
modeling methods are less favored in the CG area. Researches
in mechanics and engineering fields offer several pathways ca-
pable of retaining negative stresses without triggering tension in-
stability. The Total-Lagrangian method (TL-SPH method) can en-
tirely prevent tension instability [VRC06, GSK∗25], but their ker-
nel functions calculations use material coordinates, restricting their
application to large deformation materials such as fluids. Further-
more, stress-point techniques, which compute stress on additional
points outside the SPH particles, can alleviate tension instabil-
ity [DRI97, RL00, FB08, CPP∗20]. Nevertheless, the requirement
for a uniform-staggered layout between stress points and SPH par-
ticles makes it challenging to model fluid. Inspired by the stress-
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point method, the Staggered-SPH method is proposed to model flu-
ids [HNW∗12, HWW∗20], which assumes the existence of stress
points only during discretization. However, the staggered-SPH
method exhibits limited improvement in the stability of fluids un-
der negative pressures. The Dual-particle SPH method [LHG∗24]
introduces virtual particles, i.e., stress points, arranged in an Eule-
rian grid pattern, significantly mitigating the tension instability of
fluid. However, Due to the need for a large number of virtual par-
ticles, the Dual-particle SPH method [LHG∗24] suffers from low
computational efficiency. Moreover, its stability under compression
remains unverified.

Other Methods to Cope with Stress-instability The particle
shifting technique (PST) [LXSR12] directly modifies particle po-
sitions to enforce a uniform distribution, which can slightly miti-
gate both tension and compression instabilities and is widely used
in engineering fields. However, in small-scale scenarios, PST can
lead to non-negligible momentum loss [KGS17]. Tension Instabil-
ity Control (TIC) [SCM∗18, LSH∗21] designs a "switch" to sup-
press tension instability, which uses the symmetric gradient model
to obtain an even particle distribution within the fluid domain, and
employs the differential gradient approach to mitigate the insta-
bility caused by negative pressures. However, due to significant
errors introduced by transitions between the two different gradi-
ent models, the method requires a small time step size and must
be coupled with the PST [LXSR12, KGS17]. Two-scale pressure
estimation is another kind of "switch" scheme to handle tension
instability [HWZ∗14]. It activates smaller kernel estimation and
anisotropic pressure filtering in thin features of fluids to weaken the
tension instability. Particle-based surface tension methods, which
address the intermolecular cohesive forces underlying fluid sur-
face tension, have been shown to partially suppress tensile insta-
bility [AAT13, YML∗17], and improve the fidelity of small-scale
fluid features [JWL∗23].

Similar to the SPH method, the grid-based method and particle-
grid hybrid method may also suffer from tension instability or
non-uniform particle distribution. Gerszewski and Bargteil [GB13]
proposed eliminating negative pressure to stabilize the stabil-
ity of FLIP-based fluid simulations under tension; Losasso et
al. [LTKF08] introduced SPH solver within grid-based fluids to
simulate diffuse regions such as sprays; Kugelstadt et al. [KLTB19]
further incorporated a constant density constraint during the projec-
tion step to maintain particle distribution uniformity.

3. Revisiting Stress Instability

Before introducing our approach, we briefly review the SPH incom-
pressibility method and its instability in terms of the stress state.
Ignoring viscous effects and volume force, the motion of an in-
compressible fluid should satisfy the Navier-Stokes (NS) equations
along with the divergence-free velocity condition. In SPH fluids,
the two equations can be written as:

vi−v∗i
δt

=− 1
ρi
∇i p, (1)

∇i ·v = 0. (2)

Table 1: Table of notation

Variable Description

i, j SPH particle or real particle index
I, J virtual particle index
vi velocity of particle i
v∗i intermediate velocity of particle i
xi position of particle i
ri j distance between particle i and j

p j, pJ pressure of particle j and virtual particle J
p0 artificial background pressure
h SPH smoothing length
mi mass of particle i
δt time step size
ρi density on real particle i position
ρI density on virtual particle I position
V v

I volume of virtual particle I
ρ0 rest density
W SPH kernel function
W

′
1st-order derivative of SPH kernel function

W
′′

2nd-order derivative of SPH kernel function
α,η,ξ positive constant

Figure 2: The negative (blue) and positive (red) pressure areas in
two fluids. The fluids are modeled by ISPH method [CR99], and
the zero-pressure condition are imposed near the fluid free sur-
face [NT14].

By taking the divergence of both sides of Equation 1, we can derive
the Pressure Poisson Equation (PPE) for solving the fluid pressure,
which takes the following form:

∇2
i p =

ρi

δt
∇i ·v∗. (3)

Variable descriptions are provided in Table 1. To solve for the pres-
sure, Equation 3 needs to be discretized and transformed into a
linear system. Additionally, it is necessary to apply the Dirich-
let boundary condition, which typically sets the pressure at the
fluid’s free surface to zero, to ensure the linear system is solv-
able [TDNL18, NT14]. Under these conditions, a positive velocity
divergence caused by fluid tension will result in negative particle
pressure, whereas a negative velocity divergence due to fluid com-
pression will lead to positive particle pressure [SHA95, SCMZ17,
CPP∗20]. We use the ISPH method [CR99] to model fluids, as
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Figure 3: Instability of SPH fluid method. In the pressure gra-
dient calculation (Equation 4), the particle pressure p and the
second-derivative of kernel W

′′
plays a critical role in determin-

ing numerical stability [SHA95]. In these sub-figures, red and
green particles move toward or away from a yellow particle that
is slightly displaced from their central axis. For cases (a) and (c),
where pW

′′
> 0, the balanced pressure force guides the yellow par-

ticle back to the central position; In contrast, for cases (b) and (d),
where pW

′′
< 0, the lopsided pressure forces amplify the positional

deviation of the yellow particle, leading to unphysical particle clus-
tering or void formation.

shown in Figure 2. It can be observed that the negative pressure
distributions are primarily located in splash areas, whereas positive
pressures are confined to the bulk fluid regions.

After pressure calculation, the particle velocity needs to be up-
dated using pressure force, which is computed from the discretiza-
tion of the pressure gradient:

vi = v∗i −
δt
ρi
∇i p = v∗i −

δt
ρi

∑
j

m j

ρ j

(
p jW

′

i j

) xi j

ri j
. (4)

During this step, the instability issues become evident. The main
cause of the instability is the red term on the right-hand side
of Equation 4, namely p jW

′

i j = p j
dWi j
dri j

[SHA95]. The instability
caused by specific stress states is considered as the mismatch be-
tween particle pressure and SPH Kernel. Swegle et al. [SHA95]
identified the sufficient conditions leading to instability in pressure
gradient approximation, which can be expressed by a very concise

Figure 4: The fluid is modeled by Weakly Compressible SPH
method with artificial background pressure (p0) [AHA13]. (a)
No artificial background pressure; (b) Small artificial background
pressure (p0 = 10pa); (c) Excessive artificial background pressure
(p0 = 100pa).

Figure 5: Comparison of different SPH kernel functions. In
this test, a fluid fish collides with a rigid ball. (a) The ISPH
method [CR99] with the cubic kernel; (b) The original Dual-
particle SPH method [LHG∗24] with the spiky kernel; (c) The
original Dual-particle SPH method with the cubic kernel; (d)
Our method with cubic kernel. Compared to the spiky ker-
nel [MCG03b], the cubic kernel possesses regions with negative
second derivatives [DA12], which are essential for maintaining
stability under negative pressure [SHA95].

inequation:

pW
′′
< 0, (5)

where fluid pressure p is positive in compression and negative in
tension [SHA95] in most cases. If W

′

i j is increasing with ri j (i.e.

W
′′

i j > 0 ), particles under compression due to positive pressure
cannot maintain the proper distribution (Figure 3(d)). Conversely,
if W

′

i j is decreasing (i.e. W
′′

i j < 0 ), particles under tension due to
negative pressure also cannot maintain a correct distribution (Fig-
ure 3(b)).

Although the standard incompressible methods for SPH fluids
exhibit good stability under compression, they are usually prone

Figure 6: Instability caused by the neighborhood particle pressure
in the standard SPH and Dual-particle SPH methods. A cubic ker-
nel function is used in the schematic illustration, with h = 2.5dx.
Refer to Swegle et al. [SHA95], in gradient calculation, the neigh-
borhood particle j or J can affect the stability of particle i. (a) In
the standard SPH method, a negative pressure of neighboring par-
ticle j may lead particle i into an unstable zone, and cause the ten-
sion instability of particle i (Figure 3 (b)); (b) In the Dual-particle
SPH method, a positive pressure of the virtual particle J may cause
the real particle i to enter an unstable zone, and result in the com-
pression instability of particle i (Figure 3 (d)).
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Method Compression Stability Tension Stability

ISPH
√

×
DFSPH

√
×

Dual-particle SPH ×
√

Our Method
√ √

Table 2: Stress stability of different methods. Based on the results
shown in Figure 7, 12 and 17, it can be observed that both the
DFSPH and ISPH methods are instability under tension, and the
original Dual-particle SPH method demonstrates instability under
compression. Our approach is equivalent to the ISPH method in the
compression region and to the original Dual-particle method in the
tension region.

to instability under tension, which is caused by negative pres-
sures [Mon00, MSH04, LSH∗21] (The causes of tension instability
are illustrated in Figure 6). Therefore, these methods aim to pre-
vent the emergence of negative pressures to weaken tension insta-
bility. In CG, the majority of incompressible SPH methods [BK16,
ICS∗13, TDNL18] achieve this by imposing non-negative pressure
constraints (i.e., p > 0) during the pressure solving process. How-
ever, the absence of negative pressures can lead to the loss of small-
scale details in the fluid (as shown in Figure 17 (PBF, DFSPH,
VSSPH and ISPH methods)). Alternatively, the Weakly Compress-
ible SPH method [Mon00, SCMZ17, MMC12] employs artificial
positive background pressure to counteract negative pressures. No-
tably, the background pressure can enhance the particle distribu-
tion uniformity [SCM∗18, CBAM12, LHA15b], but an inappropri-
ate value of background pressure may introduce additional dissipa-
tion [VADL∗21, VADL∗21], as shown in Figure 4.

Diverging from the above conventional methods, the Dual-
particle SPH method [LHG∗24] deliberately retains nega-
tive pressure to improve the quality of fluid splashing. The
method [LHG∗24] demonstrates that separating the pressure com-
putation points (i.e., virtual particles) from the velocity computa-
tion points (i.e., real particles) is an effective approach to suppress
tension instability. Therefore, it introduces a grid pattern of virtual
particles as pressure nodes, which are separated from real particles
that carry velocity and mass properties. When integrated with suit-
able kernel functions, the Dual-particle approach demonstrates en-
hanced tension stability (Figure 5). Nevertheless, as shown in Fig-
ure 6(b), its efficacy in maintaining compression stability requires
further validation.

We designed a simple three-particle test involving both com-
pression and tension scenarios for typical methods, as shown in
Figure 7. The results show that ISPH [CR99] and DFSPH [BK16]
maintain relatively uniform particle distributions under compres-
sion, but fail to do so under tension conditions. In contrast, the
original Dual-particle SPH method [LHG∗24] exhibits the oppo-
site behavior. In table 2, we compare the three methods and our
method in terms of the stability.

4. Adaptive Particle Fission-Fusion Strategy

From the above discussion, it can be seen that existing SPH in-
compressibility methods can typically only maintain compression

Figure 7: Tug-of-war. The ISPH [CR99], DFSPH [BK16] and
original Dual-particle SPH method [LHG∗24] are utilized to sim-
ulate the tension and compression behaviors of three particles ar-
ranged in one dimension. (a) The red and green particles are moved
apart; (b) the red and green particles are approached each other.
In both comparative scenarios, the yellow particle is initially posi-
tioned slightly off-center relative to the red and green particles.

stability or tension stability. So the question is: how can we miti-
gate instability under both compression and tension region in SPH
Fluid?

Although the original Dual-particle SPH method [LHG∗24] can-
not guarantee stability under compression, the generality of this
framework makes it possible to address the aforementioned issues.
In the Dual-particle SPH framework, two distinct types of particles
are defined: virtual particles serve as pressure calculation points,
while real particles carry velocities and masses. When virtual par-
ticles are separated from real particles, the method can suppress
the tension instability effectively [LHG∗24]; When virtual parti-
cles coincide with real particles [LHG∗24], the method becomes
equivalent to the standard ISPH method [CR99], which generally
can mitigate compression instability. Therefore, a simple and di-
rect strategy emerges: in the tension regions of the fluid, separate
virtual particles from real particles (referred to as fission); in the
compression regions, let virtual particles overlap with real parti-
cles (referred to as fusion). Theoretically, this strategy can mitigate
instability in most regions of the fluid.

To mitigate the stress instability across the majority of the fluid
domain, we first need to develop a method to delineate the particle
fission region and particle fusion region. The particle fission region
should cover the tension region of fluid, the key criterion for as-
sessing the stretching behaviors of fluids is the velocity divergence
approximation:

∇i ·v =
1
ρi

∑
j

mi
(
v j−vi

)
·∇ jWi j. (6)
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Figure 8: The overview of our method. Our method is based on the Dual-particle SPH framework [LHG∗24], where the real particles
store the particle masses, velocities and pressure gradients, while the virtual particles carry the pressures, and velocity-divergences, etc.
We determine whether a fluid particle is in a tension region based on its velocity divergence and thin-layer feature. In the tension-dominant
region, the fission scheme is employed for fluid particles, i.e., decoupling virtual particles from real particles to improve tension stability;
Conversely, in the compression-dominant region, virtual particles are made to overlap with real particles to maintain compression stability.
After the generation of virtual particles, the projection solver based on the Dual-particle SPH framework [LHG∗24] is applied to enforce
incompressibility across both tension and compression regions.

∇i ·v > 0 means that particle i is under a tension state, accordingly,
the particle should be split into real particle and virtual particle to
mitigate the tension instability.

Previous research [HWZ∗14, LHG∗24] and our experiments
(Figure 2) show that tension stability is crucial for splashing and
thin-sheets features of fluids, and compression stability plays a sig-
nificant role in maintaining regular particle distribution and ensur-
ing volume conservation within fluids. Therefore, we propose a
more robust scheme to trigger particle fission based on thin fea-
tures of fluids. For each real particle, whether it is within a thin-
sheet of fluid is determined by its neighborhood distribution. Fol-
lowing [LHG∗23], we employ the equation to estimate the local

Figure 9: Visualization of virtual particles in the dam-break simu-
lation. (a) Our method decouples virtual particles from real parti-
cles in tension areas of a fluid. (b) The original Dual-particle SPH
method separates virtual particles from real particles across all ar-
eas of the fluid. (c) The variations in virtual particle counts between
our method and the original Dual-particle SPH method during this
experiment are depicted.

distribution properties of each real particle:

Ci =
∑ j ni j⊗ni jWi j

∑ j Wi j
, (7)

where ni j =
xi−x j

ri j
, and ⊗ is tensor product. Next, we compute the

singular value decomposition (SVD) of the matrix Ci and extract its
singular values, denoted as λi =

(
λ

1
i ,λ

2
i ...λd

i ), where d is the di-

mension of space. If ∀λ
n
i ≤ ξ, we will trigger real particle i fission.

To better identify tension-dominant regions, both of the afore-
mentioned criteria for triggering particle splitting are employed.
Specifically, whenever a real particle has negative velocity diver-
gence or is positioned in a thin fluid sheet, it undergoes split-
ting. After determining particle fission, another consideration is the
placement of virtual particles. To facilitate parallel generation and
deduplication of virtual particles on the GPU, we adopt the same
approach as [LHG∗24], which involves generating virtual particles
at the Eulerian grid nodes adjacent to the real particles undergoing
fission. Finally, the implementation of our triggered fission scheme
is illustrated in Figure 8.

To evaluate the differences between our proposed method and
the original Dual-particle SPH method [LHG∗24], we simulated
fluid dynamics and visualized the virtual particles, as shown in Fig-
ure 9(a) and (b). We also compared the variations in the number of
virtual particles used by both methods, as shown in Figure 9(c).

© 2025 The Author(s).
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5. Integration with Dual-particle SPH Framework

The original Dual-particle SPH method [LHG∗24] is a more
general SPH framework that allows pressure computations to
be performed not only on conventional SPH particles. Liu et
al. [LHG∗24] have demonstrated that, within this framework, plac-
ing virtual particles away from real particles significantly mitigates
the tension instability of fluids, whereas when virtual and real par-
ticles coincide, the method reduces to the standard ISPH [GK16].
However, the original Dual-particle SPH method cannot be stably
integrated with our adaptive fission-fusion strategy and therefore
requires further modification.

5.1. Projection

In our adaptive particle fission-fusion strategy, virtual particles lo-
cated at the boundary between fission and fusion regions may be in
close proximity or overlap. Additionally, certain particles may un-
dergo abrupt transitions between fission and fusion modes during
simulations. Integrating this strategy directly into the Dual-particle
SPH framework [LHG∗24] could result in convergence problems
and sudden spikes in the pressure forces exerted on real particles.
Therefore, it is necessary to improve the projection solver in the
Dual-particle SPH framework.

In the adapted Dual-particle SPH framework, discretizing differ-
ential operators using virtual particles requires the use of SPH ker-
nel estimation. If the spatial volume occupied by virtual particles
is large, greater weights should be assigned in the SPH estimation
to reduce linear errors introduced by the distribution of virtual par-
ticles, as shown in Figure 10. Therefore, the volume of the virtual
particle should be achieved by SPH kernel summation:

V v
I =

1
∑J WIJ

. (8)

And then, the left-hand Laplacian term of PPE (Equation 3) can be
discretized as:

∇2
I p = ∑

J
V v

J
pI− pJ

rIJ +η

dWIJ

drIJ
; (9)

the source term of PPE (Equation 3) can be defined as:

ρI

δt
∇I ·v∗ =

1
δt ∑

j
mI

(
v∗j −v∗I

)
·∇ jWI j, (10)

where ρI is the fluid mass density at virtual particle position, i.e.,
ρI = ∑ j m jWI j, and vI is the intermediate virtual particle velocity
refers to [CB00], which can be computed by

v∗I =
∑ j V jv∗j Wi j

∑ j V jWi j
, (11)

V j is the volume of real particle j. To prevent the loss of fluid vol-
ume, according to the ECS (Error Compensating Source) in MPS
(Moving Particle Semi-implicit) method [KG11], the source term
in the PPE (Equation 3) can be compensated through the following
equation:

ρI

δt
∇I ·v∗ :=

ρI

δt
∇I ·v∗+α

ρv
I −ρ0
ρ0

, (12)

where α is a positive constant, and we recommended that the α be
set at the same order of magnitude as ρI

δt .

Figure 10: Estimation of virtual particle volume. (a) In the original
Dual-particle SPH method [LHG∗24], the volume occupied by vir-
tual particles in physical space is not considered in the discretiza-
tion of the differential operators. (b) In our approach, the volume
of virtual particles is calculated by the SPH density estimation to
improve the kernel normalization property during differential oper-
ator discretizations.

Based on equations 9, 10 and 12, the PPE (Equation 3) has
been transformed into a linear system. After applying free-surface
boundary conditions (as shown in section 5.2), the linear system be-
comes symmetric positive definite, enabling efficient pressure cal-
culations for virtual particles via iterative solvers like Jacobi or con-
jugate gradient methods. After obtaining the virtual particle pres-
sures, the pressure gradient at real particle positions is required to
update their velocity:

vi = v∗i −
δt
ρi
∇i p = v∗i −

δt
ρi

∑
J

V v
J pJ∇WiJ . (13)

From the projection method described above, it can be seen that
when the virtual particles coincide with the real particles—i.e., by
replacing the uppercase index I,J with the lowercase i, j in the
Equations, the projection method is very similar to the standard
ISPH method [CR99, YHW∗16, GK16, KBST19].

5.2. Boundary

Fluid simulation scenarios typically include fluid regions, solid re-
gions, and air regions. The handling of the fluid-gas boundary (i.e.,
free surface) and fluid-solid boundary is crucial for stable fluid sim-
ulations.

Free-surface boundary. In projection methods, the free-surface
zero-pressure boundary condition serves as the Dirichlet boundary
for the PPE, which ensures that the equation becomes well-posed
with a unique solution. Our approach retains the semi-analytical
fluid boundary conditions employed in the original Dual-particle
SPH method [LHG∗24], which is proposed by [NT14]. We first
split the right-hand side of the Equation 9 as follows:

∇2
I p = AI pI−∑

J
AIJ pJ , (14)

where AIJ =
V v

J
rIJ+η

dWIJ
drIJ

and AI = ∑J AIJ . At the simulation begin-
ning, we calculate the coefficient AI for every virtual particle, and
denote the coefficient AI of a virtual particle in the fluid interior

© 2025 The Author(s).
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Figure 11: Warm Start. (a) After calculating the pressures for vir-
tual particles, the pressures are mapped to real particles in the fis-
sion region; (b) In the subsequent time step, the pressures are inter-
polated from real particles to virtual particles in the fission region
and serve as an initial guess for solving the PPE.

with uniform and sufficient neighborhoods as A0. In every simula-
tion step, we check each virtual particle’s AI . If a virtual particle’s
AI is smaller than A0, the coefficient AI should be replaced by A0:

AI = max(AI ,A
0). (15)

According to [NT14, YHW∗16], the aforementioned semi-
analytical boundary method is equivalent to generating a sufficient
and uniformly distributed set of zero-pressure ghost-air particles
outside the fluid’s free surface, which significantly improves the
convergence rate of the PPE iterative solver.

Solid boundary. For modeling the solid wall boundaries of the
fluid, we employ the same ghost-solid particle as used in the orig-
inal Dual-particle SPH method [LHG∗24]. However, when fluid
particles move at high speeds or when large time steps are adopted,
unphysical penetration of particles into solid boundaries may still
occur. To address this issue, we also incorporate a signed distance
field (SDF)-based boundary treatment to correct the positions of
penetrating fluid particles [CLH∗20].

5.3. Warm Start

For iterative solvers of linear systems, a proper initial guess can sig-
nificantly reduce the number of iterations required for convergence.
In SPH-based projection methods, the particle pressures from the
previous time step are commonly used as the initial values for dis-
cretized PPE calculations [ICS∗13]. However, in our framework,
the discontinuities of virtual particle positions caused by adaptive
particle fission between successive frames pose significantly chal-
lenges for initializing the pressure solver.

To obtain a proper initial guess for virtual particles in projec-
tion calculation, we propose a warm start operating by storing ex-
tra pressures on real particles (Figure 11). For fusion particles that
overlap with virtual particles, their pressure is taken directly from
the corresponding virtual particle. In the particle fission region, the
pressure of the real particle is interpolated from nearby virtual par-
ticles using an SPH kernel function. In the next time step, the pres-
sures carried by real particles are interpolated back to nearby virtual
particles and used as the initial guess for solving the PPE (Equa-
tion 3).

Figure 12: A side-by-side comparison of the ISPH [CR99], our
method and the original Dual-particle SPH method [LHG∗24].
Due to the compression instability, the fluid modeled by the original
Dual-particle SPH method [LHG∗24] exhibits highly non-uniform
particle distribution under the compression state (1.5s). In contrast,
both our method and the ISPH method maintain a more uniform
particle distribution during compression(1.5s).

6. Results and Discussions

Our simulation framework was implemented on a workstation
equipped with an NVDIA GeForce RTX 4080 GPU (16GB
GDDR), an Intel Core i7-14700K processor (20 cores, 3.4GHz),
and 32GB DDR5 RAM (5600MHz). The complete simulation
pipeline - including neighborhood queries, incompressibility solv-
ing, viscosity calculations [SB12], and solid-fluid interactions - was
parallelized on the GPU using CUDA 11.7. For all scenarios, the
particle spacing dx is all set to 0.005m, and the smoothing length h
is 0.0125m. The artificial viscosity, i.e., XSPH [SB12], is used, and
the XSPH parameter is set to 0.05 in all experiments. In com-
parison, the ISPH method [CR99], the original Dual-particle SPH
method [LHG∗24], and our method all employ the standard conju-
gate gradient method [S∗94] to solve the PPE. The implementation
of our method is as shown in Appendix (Algorithm 1). The compu-
tational costs for the scenarios can be found in Table 3.

6.1. Dam Break

To verify the effectiveness of our method in improving the stability
at compression and tension states, we model the dam-break scenar-
ios using the ISPH method [CR99, YHW∗16], the original Dual-
particle SPH method [LHG∗24] and our method.

Figure 12 is a comparison in 2D space. The ISPH method [CR99,
YHW∗16] is prone to tension instability, resulting in the prema-
ture breakup of the splashing fluid (0.18s). Meanwhile, the original
Dual-particle SPH method [LHG∗24] exhibits significant compres-

© 2025 The Author(s).
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Figure 13: Dam-break of two fluid blocks. The fluid is modeled
by the ISPH method, the original SPH Dual-particle method, and
our method. (a) The original Dual-particle SPH method and our
method produce similar thin-feature details. (b)When the fluid mo-
tion slows down and the overall state transitions into compression,
the surface of the fluid molded by the original Dual-particle SPH
method shows significant gaps.

sion instability, leading to rapid energy dissipation and early stag-
nation (0.8s), as well as poor particle distribution (1.5s). In this
comparison, our method demonstrates better stability in both as-
pects: it preserves the integrity of the splashing region (0.18s) and
maintains a more uniform particle distribution during the compres-
sion phase (1.5s).

Figure 13 shows dam-break test in 3D space. In the fluid splash-
ing region, both our method and the original Dual-particle SPH
method [LHG∗24] successfully maintain the thin-layer structure
of the fluid. In contrast, the ISPH method shows significant ten-
sion instability, leading to particle clustering. However, as the
fluid motion approaches a standstill, the original Dual-particle SPH
method [LHG∗24] exhibits noticeable void formation, whereas our

Figure 14: Variation of average density and volume of (real) parti-
cle in Figure 13. The rest density is set to 1000kg/cm3. The volume
loss occurrs in the original Dual-particle SPH method [LHG∗24].

Figure 15: Performance comparison. (a) Average iteration num-
bers of different methods using a variation of time step size, the
relative error threshold for convergence is all set to 10−4, and the
total simulation time is 1.5s; (b) Average iteration numbers of dif-
ferent methods using a variation of relative error threshold for con-
vergence, the time step size is all set to 1ms.

method and the ISPH method do not suffer from this issue. Fig-
ure 14 depicts the curves of the average particle density changes
in the dam-break test (Figure 13), it demonstrates that the origi-
nal Dual-particle SPH method [LHG∗24] fails to maintain the rest
density stably within a short period, while our method and the ISPH
method do not encounter this difficulty.

Performance. Using the same scenario as in Figure 13, we eval-
uated the iteration counts of the ISPH method [CR99, YHW∗16],
the original Dual-particle SPH method [LHG∗24], and our method
under different time step size and convergence tolerance set-
tings, as illustrated in Figure 15. In our implementation, the ISPH
method [CR99, YHW∗16] incorporates the same semi-analytical
free surface boundary treatment [NT14] used in our method for
handling boundaries, and the three methods are all used conju-
gate gradient method to solve the PPE. The curves indicate that
our method achieves notably faster convergence rates compared
to the original Dual-particle SPH method [LHG∗24]. When inte-
grated with the warm start scheme proposed in this work, the con-

Figure 16: Comparison of dam-break with different methods. In
this scenario with 68.9k particles, the original Dual-particle SPH
method [LHG∗24] and our proposed method both exhibit signif-
icantly richer fluid motion details than other methods. The iter-
ation counts of PBF [MM13] and SISPH [HLG∗25] are both
set to 25; The relative error thresholds of the DFSPH [BK16],
VSSPH [HNW∗12, HWW∗20], Dual-particle SPH [LHG∗24],
ISPH [CR99] and Our method are all 10−3.

© 2025 The Author(s).
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vergence speed is further enhanced and comparable to that of the
ISPH method [CR99].

6.2. Comparison among Different SPH Methods

In order to provide a comprehensive evaluation of our ap-
proach, we conduct a series of comparisons with a variety
of existing methods. Figure 16 shows a fluid modeled by the
PBF [MM13], SISPH [HLG∗25], ISPH [CR99, YHW∗16], DF-
SPH [BK16], VSSPH [HNW∗12,HWW∗20] original Dual-particle
SPH method [LHG∗24] and our method, respectively. In the sce-
nario with a limited number of particles, the fluid simulated
by our method and the original Dual-particle [LHG∗24] ex-
hibit significantly richer details, due to the better tension sta-
bility. Figure 17 illustrates a test with significant fluid splash-
ing. In this scenario, our method and the original Dual-particle
SPH method [LHG∗24] both simulate nearly identical small-scale
fluid details, whereas other methods, including PBF [MM13], DF-
SPH [BK16], VSSPH [HNW∗12, HWW∗20], and ISPH [CR99,
YHW∗16], cannot maintain the thin-sheets of fluid stably. Further-
more, the comparison between our method and the ISPH method
combined with surface tension model or implicit viscosity model is
shown in the Appendix (Figure 20).

6.3. More Demonstrations

Figure 1(left) and Figure 18 show a simulation of a tire rolling over
a puddle with 2.1M real particles, generating significant splashing.
Benefiting from the numerical stability of our method in terms of
stress, the fluid particles remain uniformly distributed in the ini-
tial static state, and rich fluid details are produced after the tire
passes through. Figure 1(middle) demonstrates a fluid collides with
a metal rose, and generates many splashes. In Figure 1(right) and
19, an airplane is crashing into a a turbulent water with 1.69M real
particles, and countless small-scale thin features of water are gen-
erated.

Figure 17: Kissing Fish. During the collision between a fluid fish
and a rigid fish, extensive splashing occurs. In this scenario where
tension dominates, our approach produces results similar to those
of the Dual-particle approach [LHG∗24].

Figure 18: A tyre rolls over a puddle, and generates rich fluid de-
tails. There are 2.1M real particles in this scenario, and the particle
velocities are color-coded.

Figure Np tvirtual tneighbor tsolver ttotal

Fig.1 left and Fig. 18. 2.10M 23.8ms 240ms 1.95s 2.30s
Fig. 1 middle. 1.08M 9.36ms 51.6ms 537ms 630ms
Fig. 1 right and Fig. 19. 1.69M 16.7ms 204ms 1.57s 1.83s
Fig. 5 Our method. 243k 4.83ms 20.1ms 103ms 137ms
Fig. 13 ISPH. 137k - 3.41ms 35.2ms 44.6ms
Fig. 13 Our method. 137k 3.74ms 10.3ms 35.1ms 52.6ms
Fig. 13 Dual-particle. 137k 3.52ms 12.6ms 102.7ms 135.8ms
Fig. 17 Our method 243k 3.90ms 19.2ms 89.2ms 121ms
Fig. 16 PBF 68.9k - 1.71ms 14.8ms 19.4ms
Fig. 16 SISPH 68.9k - 1.69ms 11.7ms 16.5ms
Fig. 16 DFSPH 68.9k - 1.58ms 17.2ms 21.1ms
Fig. 16 VSSPH 68.9k - 2.31ms 14.9ms 20.3ms
Fig. 16 ISPH 68.9k - 6.80ms 22.3ms 33.2ms
Fig. 16 Dual-particle 68.9k 2.62ms 8.42ms 47.0ms 60.4ms
Fig. 16 Our method 68.9k 3.85ms 7.01ms 25.5ms 39.6ms

Table 3: Statistics. Np represents the number of SPH particles or
real particle; tvirtual represents the average computational cost for
generating virtual particles; tneighbor is the average computational
cost to find neighbors; tsolver is the average computational cost for
the projection solver; ttotal represents the average total computa-
tional cost per time step.

7. Conclusion and Future Work

In incompressible SPH fluids, there are inherent numerical insta-
bility issues that affect the quality of fluid simulation. Specifically,
tension instability can lead to the loss of small-scale motion details
in the fluid, while compression instability results in poor particle
distribution and often leads to volume loss. To address these is-
sues, we propose an adaptive particle fission–fusion scheme based
on the Dual-particle SPH framework, aiming to mitigate both ten-
sion and compression instability. In this method, pressure and ve-
locity computation points are dynamically aligned in compression
regions of fluids, while separated in regions undergoing tension.
When combined with an improved Dual-particle SPH projection
solver, the method significantly improves numerical stability across
most of the fluid domain. Compared to the standard SPH, our ap-
proach demonstrates superior tension stability. Compared to the
original Dual-particle SPH method, our approach suppresses com-
pression instability, and achieves higher computational efficiency

© 2025 The Author(s).
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by employing fewer virtual particles and a well-designed warm
start scheme.

There are still areas that need further refinement in our future
work. First, neighboring particles of a given particle may exhibit
mixed stress states (both compres-
sion and tension). For example, in
the right figure, the yellow particle’s
green neighborhoods are under tension,
while its red neighborhoods are un-
der compression. However, our current
methodology applies a uniform treat-
ment (i.e., fission or fusion) to the en-
tire neighboring region of the particle.
This region-level treatment prevents the complete elimination of
numerical instabilities. This issue may be addressed by developing
a improved, non-local virtual particle sampling approach. Second,
while our method already employs significantly fewer virtual parti-
cles compared to the original Dual-particle SPH method, there re-
mains potential for further reduction, which will enhance the com-
putational efficiency. Third, in our implementation, we found that
appropriately sampled virtual particles in the Dual-particle SPH
framework can greatly improve simulation accuracy. Developing
data-driven frameworks for generating optimized virtual particle
distributions aligned with fluid dynamics characteristics represents
a highly promising research direction.
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9. Appendix

Figure 19: The aircraft plunges dramatically into the tumultuous
sea, generating intense splashing. There are 1.69M real particles
in this scenario, and the particle velocities are color-coded.

Figure 20: A comparison between our method and the ISPH
method with viscosity or surface tension. The result shows that
relying solely on viscosity and adhesion-based surface tension
fails to effectively enhance the tension stability. (a) The ISPH
method [CR99]; (b) The ISPH method with the implicit viscos-
ity [WKBB18] (µ = 200Pa ·s); (c) The ISPH method with adhesion-
based surface tension [AAT13]; (d) Our method without the im-
plicit viscosity and surface tension.

Algorithm 1: Adaptive Particle Fission-Fusion for Dual-
Particle SPH Fluid

while t < tstop do
for All real particle i do

v∗i ← vn
i +δt · f;

x∗i ← xn
i +δt ·v∗i ;

end
for All Real particle i do

Compute the thin-sheet feature Ci (Eq. 7);
Compute the velocity divergence∇i ·v (Eq. 6);
if ∇i · v < 0 or ∀λ

n
i ≤ ξ (λi is eigenvalue of Ci )

then
Determine particle i undergoes particle fission;

end
else

Determine particle i undergoes particle fusion;
end

end
for All real particle i do

if Real particle i need to undergo fission then
generate virtual particles at adjacent grid sites of

the real particle i;
end
else

Generate a virtual particle on the real particle i
position;

end
end
Search for the neighborhood of each real and virtual

particle;
Compute the volume of each virtual and real particle;
Compute velocity divergence∇I ·v∗ (Eq. 10)
Compensate the source term of PPE (Equation 12);
Discretize the pressure Laplacian∇2

I (p) (Eq. 14);
Impose the free-surface boundary condition (Eq. 15);
Solve the discretized PPE (Eq. 3) using the conjugate

gradient method;
for All real particle i do

Compute pressure gradient∇i p (Eq. 13);
vn+1

i ← vn
i − δt

ρ0
·∇i p;

end
end
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